After plaintiffs prevail in employment discrimination cases, courts need to estimate the compensation they deserve. This issue arose after a defendant was found to have discriminated against job applicants older than 40 years. In order to compensate the successful plaintiffs, the court needed to estimate the length of time they would have worked, had they been hired. The job histories of 127 current employees and 43 employees who recently left were available for analysis. The accelerated failure time model, commonly used for the analysis of survival data, provides an estimate of the mean employment duration, adjusting for covariates. Three legal opinions emphasized that damage awards should be based on data concerning employees with similar qualifications as the plaintiffs so an ability model is proposed. A simulation study illustrates the potential underestimation of the job tenures of the deserving plaintiffs by the method adopted in the case. On the other hand, that method, which did not consider ability, can lead to compensating low-ability plaintiffs who would not be hired even in a non-discriminatory environment. Finally, the methods are applied to the motivating example and an appropriate damage award is suggested.
Introduction
When plaintiffs prevail in civil cases, courts need to award them compensatory damages. For example, if a party breaches a contract, it must pay the other party their expected loss, i.e. the expected profit they lost due to the breach. In equal employment cases concerning hiring or promotion discrimination, successful plaintiffs are awarded the additional salary they would have received, had they been hired or promoted. In promotion cases where the plaintiff is still employed at a lower level position, this calculation is straightforward because the increased salary and associated benefits as well as the time period for which compensation is due are known. In promotion cases where the plaintiff has left the employer, perhaps after being passed over because of the discriminatory policy, or in hiring cases where the plaintiff was not employed, courts need to estimate the time the individual would have worked before moving to another employer or retiring in order to calculate the total salary the plaintiff would have received, had they not been subject to discrimination. Any earnings the plaintiff received from other jobs during the period would be subtracted from the previous estimate to obtain the plaintiff's loss. This issue arose after a defendant was found to have discriminated against applicants 40 years or older in an Equal Employment Opportunity Commission class action 2 Q. PAN AND J. L. GASTWIRTH suit. In order to compensate the 152 plaintiffs who were not hired due to discrimination, the court needed to estimate their hypothetical job tenures if they had been hired. Job histories of 127 current employees and 43 former ones who left recently were available for analysis. The information on the tenures of the 127 current employees is censored, i.e. their ultimate job tenures are longer than the length of time they had been with the firm at the time the data were collected and analysed. Survival analysis is a set of statistical procedures that model the time until a particular event, leaving the company in our case, occurs (Kleinbaum and Klein, 2005) , which accounts for the fact that a proportion of the observed data is censored. This corrects for the fact that a simple average of the time employed from the available data would underestimate the average length of time a new employee would work for the firm (Kalbfleisch and Prentice, 2002; Klein and Moeschberger, 2003; Lawless, 2002) . Survival methods are routinely used to estimate the economic loss in personal injury cases (Lewis et al., 2003; Butt et al., 2008) where an individual's compensation is based on his or her expected lost earnings, which depend on their expected future work life. Economists have used survival analysis (Campolieti, 2003; Jenkins, 2005) to estimate the duration of employment (Horowitz and Neuman, 1987; Kiefer, 1988) , or unemployment (Lancaster, 1979) of individuals in national labour force. This paper discusses how survival methods can be used to estimate the expected tenures of applicants who lost job opportunities due to discrimination. Although the underlying statistical issue in this application is estimating the expected duration of employment with a firm, a problem also arising in wrongful death or injury cases, the appropriate job-related characteristics that should be incorporated into the mathematical model may differ in the two applications. 1 The general approach, however, is applicable in other contexts.
An interesting aspect of the original case is that the plaintiffs' expert noticed that the length of time a new hire remained with the firm was negatively related to his or her age and incorporated age at hire as a predictor (Rosenbaum, 2000) . Since the defendant was found liable for age discrimination in hiring, one can question whether age should be used to predict job tenure because, on average, the older applicants who were hired were probably more qualified than the older ones not hired. Motivated by the decisions in Griffin, 2 Kempiners 3 and Biondo, 4 in Section 2, we discuss a model in which the probability of being hired depends on an applicant's ability, so older applicants who were hired have a higher average ability than the plaintiffs who were not hired. Consequently, DAMAGES IN EQUAL EMPLOYMENT CASES 3 the ability levels of applicants who were hired and form the available sample for statistical analysis are not comparable to the ability of the plaintiffs. The case concerned hiring in a job with a fairly high turnover rate and almost all employees leave before retirement. Under the reasonable assumption that one's alternative employment opportunities increase with ability, a new hire's tenure with the firm will decline with his or her ability. 5 In our context, this implies a) the relationship between tenure and age observed in the employee data may have resulted, in part, from the defendant's discriminatory practices and b) the average ability of the plaintiffs older than 40 years who were not hired was lower than that of the applicants older than 40 years who were hired. Since the available sample of employees in this situation is 'biased' or unrepresentative of the plaintiffs, the tenures predicted from age will underestimate the true tenures of the plaintiffs. As in the motivating case, sometimes information on the qualifications of applicants and employees is not available, making it virtually impossible to correct this statistical bias. In fact, it will be seen that not adjusting for age will probably produce predictions closer to the unobserved job tenures for the non-hired plaintiffs older than 40 years than the method accepted in the case that used age as a predictor.
The methods are applied to our motivating example (Rosenbaum, 2000) in Section 3 and predictions of plaintiffs' job tenures are made. In Section 4, we summarize and discuss the statistical issues in estimating damages to assist courts in assessing the statistical soundness of the models and analyses advocated by both sides. The basic ideas of survival analysis and several common distributions of the survival or duration time, here job tenure, are explained in detail in Appendix A. Since there are many candidate survival distributions that can be used to fit data, some graphical and statistical criteria are described to assist courts in choosing between the different approaches that the parties are likely to offer. Measures for assessing which model or models provide a reasonable 'fit' to the data are discussed in Appendix B.
A statistical model of job tenure incorporating ability

The model
The model developed in this section accounts for the following features of the case:
1. The data provided to the experts in the case include both complete and censored job tenures. 2. Under the circumstances of the case, it is reasonable to assume that the true ability levels of applicants are independent of their ages. 3. Due to the discrimination, the available data have a bias, i.e. qualified applicants older than 40 years were not hired so they are under-represented in data on the employees. As several legal opinions suggest, the plaintiffs older than 40 years who were not hired were in the middle range of the ability distribution, while employees who were hired when they were older than 40 years are in the high-ability range. 4. Once hired, job tenure is not determined by age, but by ability, which it is negatively related to their job tenure as individual with high ability should have more alternative job opportunities. 5. Thus, the discriminatory hiring process tends to make the average job tenure of an employee older than 40 years shorter than that of an employee younger than 40 years.
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We assume that applicants' age follows a truncated normal distribution with mean 30 and standard deviation 10. Since there were only two employees hired before they were 20 years old, we simplify the set-up by assuming that all applicants would be at least 20 years old. This truncation of 16% of the distribution 6 was compensated for by doubling the corresponding probability for applicants older than 40 years. The overall ability distribution of applicants is assumed to follow a standard normal distribution. 7 Age and ability are independently distributed in the applicant pool. Job tenures of the applicants are assumed to follow a lognormal distribution with parameters µ = 0, σ = 1 and an accelerated failure time (AFT) model (see Appendix A.3) with regression coefficient θ ability for ability. Positive θ ability values lead to shorter job tenures for individuals with higher ability. The expected job tenure 8 for an individual (hired or not) with ability level Z is exp(µ + σ 2 /2 − θ Z ), although only applicants who meet the required ability level for the corresponding age group are hired.
To model the effect of the discriminatory hiring policy, we assume that the employer applied a higher ability threshold for older applicants (δ + ) than for younger ones (δ − ). Due to discrimination in the hiring process, employers select applicants older than 40 years whose ability exceeds δ + , while hiring younger applicants when their ability is at least δ − , where δ − < δ + . Figure 1 presents a picture summarizing the relationship between the applicants' ability (X-axis), age (Y-axis) and hiring status (vertical axis). The cubes at the top represent the age and ability of the employees, i.e. applicants who were hired. The cubes on the top-right represent employees with ability higher than δ + , i.e. they were hired irrespective of age. The cubes on the top-middle represent the employees younger than 40 years with ability in the interval (δ − , δ + ). The bottom cubes represent the age and ability of applicants who were not hired. The cubes on the bottom-middle correspond to the older applicants with ability between δ − and δ + , who were not hired while their counterparts younger than 40 years were hired. These plaintiffs will be considered deserving as they would have been hired had they been below 40. The cubes in the lower left part of Fig. 1 represent applicants of all ages with ability below the minimum required value (δ − ). A consequence of the discriminatory hiring process is that the ability distributions of the older and younger employees in Fig. 1 Table 1 illustrates a few scenarios for the hiring process and the prediction errors obtained from the corresponding models. The first two columns give the probabilities of being hired for people younger than 40 years ( p − ) and older than 40 years ( p + ). The first model, which was adopted in the motivating case, uses age as the sole predictor for job tenure. The second model employs the latent 6 If age follows a normal distribution with mean 30 and standard deviation 10, the probability that an individual's age is less than 20 is 0.16. Because the distribution is symmetric around 30, the probability of age above 40 equals the probability age below 20, i.e. 0.16. This is unrealistic, so we assume that applicants older than 40 years constitute 32% of the applicant pool and individuals in the 20-39 age range form 68% of the applicants.
7 Usually ability is modelled with a normal variable X with mean µ and standard deviation σ , e.g. the distribution of IQ has mean 100 and standard deviation 15. All normal distributions can be transformed into the standard normal z score with mean 0 and standard deviation 1 by z = (X − µ)/σ . The relative ranking of two individuals is the same whether one uses the original X scale or the z score. 8 Note that an individual's expected tenure is the mean of the baseline lognormal distribution, e (µ+σ 2 /2) , multiplied by based on a model with age as the sole predictor; columns 6 and 7 are based on a model using ability to predict job tenure; column 8 gives the prediction errors from the simple model, which includes neither age nor ability.
(not reported in the data from the motivating case but generated in the simulated data set) variable ability, but not age, to predict job tenure. The third model employs neither age nor ability and could have been applied to the available data in the case. It simply estimates the average tenure of all employees hired when they were younger than 40 years. Thus, the employees older than 40 years with high ability, who are not truly comparable to the plaintiffs who were not hired, are removed from the data. The average error of the predicted job tenures of the deserving 9 plaintiffs are given in columns 4, 7 and 8. When ability is not included in the model, age is observed to be associated with job tenure. The observed relationship results from the more stringent selection criteria for older applicants. It is reflected in the difference between the hiring probabilities p + and p − , and the ability effect (θ ability ). The regression coefficient β age is estimated from the employee data. For example, in the first row of Table 1 , we find β = 0.29, so e − β = 0.75 in column 3 meaning that on average an employee with age at hire A + 1 is employed 75% as long as an employee with age A at hire. Note that the average shortfall for the deserving applicants, ε deserving , from the age model ranges from −5 to −14 weeks, implying a serious underestimation of their job tenure and consequent compensation. Clearly, the model using age performs poorly in predicting the number of weeks a deserving plaintiff would have stayed with the company. The fifth column gives the average prediction error for employees obtained from the age model. These average prediction errors for the employees (ε employee ) are close to 0 because the models are estimated from the employee data. 10 In summary, the negative relationship between age and job tenure seen in the data of all employees does not exists in the plaintiffs. Consequently, the model using age as the sole predictor consistently underestimates the tenures of the deserving plaintiffs.
In an AFT model, e θ ability is the acceleration factor, reflecting the fact that more able employees will likely leave the firm earlier than others. Its reciprocal e −θ ability , which is listed in the sixth column, is the ratio of job tenures resulting from an increase of one unit of ability. For example, when θ = 0.25, e θ = 1.28, e −θ = 0.78, which means that an employee with ability z + 1 is expected to be employed 78% as long as an employee with ability z. That is, his job tenure is accelerated (shortened) by a factor of 1.28. The average prediction errors for the deserving plaintiffs from the ability model in the seventh column are 0 because ability is the true underlying factor determining job tenure so the positive and negative errors average out.
Since information about the ability levels of employees was not available in the motivating case, and the predictions obtained from the age model seriously underestimate the job tenures of the deserving plaintiffs, the 'simple' model using neither age nor ability is preferred in this situation. Rather than predicting individual-specific job tenure using the plaintiff's age, we use the average job tenure of all employees hired before they reached 40 as the estimated hypothetical job tenure for the deserving plaintiffs. Because the ability levels of employees hired before they were 40 years old are closer to those of the deserving plaintiffs than the ability levels of the applicants older than 40 years who were hired, the average prediction errors in column 8 are smaller than those of the model using age as the sole predictor in column 4. 11
Differences in predictions from the age and ability models
For the scenario in the second row of Table 1 (δ + = 0.5, δ − = −0.5), the predicted job tenures from the ability and the age models are plotted in Figs 2 and 3, respectively. The differences between them are given in Fig. 4 .
Notice that the age-only model predicts tenure for plaintiffs with ability less than δ − . But these applicants would not have been hired by a fair employer. Thus, the age-only approach compensates all individuals older than 40 years who were not hired irrespective of their ability. Recall that all plaintiffs have ability lower than δ + = 0.5 as all applicants whose ability exceeds δ + are hired. Figure 2 graphs the expected job tenures obtained from the age-only model. Because the few highability employees older than 40 years used to fit the model tend to have shorter tenures, the predicted job tenures decrease as age increases. Figure 3 illustrates the job tenure predictions from the ability model. On the left side, the unqualified applicants have an expected tenure of 0 as they would not have been hired since their ability is less than δ − . The deserving plaintiffs older than 40 years have ability between δ + and δ − and would have been hired had they been younger than 40 years, so they receive compensation (middle portion of Fig. 3 ). Notice that the values of the predicted tenure decreases with increasing ability because high-ability employees have shorter employment at the company. Since high-ability applicants are hired irrespective of age, the right portion of Fig. 3 is zero because the older employees with high abilities are not discriminated against.
Unlike the data in the case, the simulated data have information on both the age and the ability of each applicant. Figure 4 reports the differences between the predictions of job tenures from the age and the ability models, i.e. the differences between Figs 2 and 3. The differences at the left portion of Fig. 4 corresponding to plaintiffs with low ability are positive, as the age model awards compensation to all plaintiffs. In contrast, the appropriate ability model does not compensate the low-ability plaintiffs who would not have been hired even if they had been younger than 40 years. The middle part of Fig. 4 shows negative differences for the deserving plaintiffs. This means that a model using age rather than ability underestimates the job tenures and financial loss of the deserving plaintiffs. Since high-ability applicants ( δ + ) are hired irrespective of age, both models do not award them any compensation. Thus, the right side of Fig. 4 is zero.
Application to the data from the motivating case
Recall that the company was found to have discriminated against applicants older than 40 years in hiring. A 'sample' of recent and current employees, with their ages and tenures at the company (in weeks) and an indicator of whether they left the company (I i = 1) already or were still employed at the time of data collection (I i = 0), was made available at the damage compensation phase of the proceeding. In the sample of 170, the complete job tenures of 43 former employees were observed, while the tenures of the 127 current employees were censored. The typical tenure appears to be about 4 years, with few remaining employed for more than 10 years. 12 It should be noted that the original analyst was hired after discovery was completed so that information on other variables that might relate to job tenure and a complete description of how the data were collected could not be obtained. The original analysis found a negative relationship between an employees' age and their corresponding job tenure. Thus, the expected tenure of a plaintiff was calculated from a model that used age at application as the sole predictor. As seen in Section 2.2, since older applicants were 'selected against' in the hiring process, including employees older than 40 years in the analysis is statistically questionable.
When using parametric models for survival data, we begin with a broad family of distributions including exponential, Weibull, lognormal, log-logistic and gamma as potential models of the data.
Figures 5-7 present plots of the appropriate functions of the cumulative hazard function H (t) or survival function S(t) estimated from the data (Table A1 in Appendix B.3) that enables one to check whether the underlying distribution is exponential, Weibull or lognormal. 13 In Appendix B.3, it is seen that if the data follow the exponential model, the cumulative hazard function will be a linear function of time t. Looking at the plot in Fig. 5 , one sees that the function H (t) does not fall along the straight line. This is especially clear for t > 250. The non-linear pattern in Fig. 5 indicates that the data do not come from an exponential distribution. The plots in Figs 6 and 7 are used to check whether the data follow a Weibull or lognormal distribution. The lognormal plot (Fig. 7) appears to be closer to the straight line than the Weibull, especially for smaller tenure. In Fig. 5 , the exponential model does not fit the data, while the Weibull (Fig. 6 ) model provides almost as good a fit as the lognormal (Fig. 7) .
Alternative measures of the fit of the three potential distributions to the data are given in Table 2 . To decide which of the three distributions in Table 2 fits the data better, we consider two types of measures described in Appendix B. of prediction errors, ε, from the exponential model is also much larger. Clearly, the Weibull and lognormal models provide superior fits to the data than the exponential model. The predictions of job tenures obtained from these two models are similar. Therefore, choosing between them should not make a substantial difference, although the lognormal fits the data slightly better and is the preferred model. The average predicted tenure assuming an exponential distribution is substantially different from that yielded by the better fitting models. The results given in Table 2 illustrate the importance of checking whether an assumed model 'fits' or is consistent with the data. The predictions without age are the population mean under the assumed distribution; the predictions using age predict job tenure for each individual according to his or her age and the assumed distribution, then take the average.
In the case, compensation apparently was given to all plaintiffs, including those with ability below δ − as no ability measure was available. The only information contained in the data is the employees' job tenure, age at hire and censoring status. Ignoring ability, older employees have shorter job tenures because they have higher ability and consequently better alternative employment opportunities. Age, however, does not lead to shorter job tenure because when ability is considered, older applicants and comparable (ability wise) younger ones have the same job tenure distribution. The job involved in the case had a relatively high turnover rate as there were few, if any, opportunities for advancement. In other cases concerning hiring into an entry-level position leading to a career path where many employees remain with the employer for their entire career, employees hired at older ages could have shorter tenures because they reach retirement age before younger ones.
The simulations in Section 2, based on a model that follows the spirit of the Griffin, Kempiners and Biondo opinions, indicate that age and ability are correlated among employees of a firm that discriminates on the basis of age, even when they are uncorrelated in the applicant pool. This implies that the average job tenure of employees older than 40 years is likely to be systematically shorter than their counterparts older than 40 years who were not hired due to the employer's discriminatory practices. Since the negative relationship between age and job tenure seen in the employee data reflects discrimination, age should not be used in the compensation model. Ideally, employers should obtain information on the qualifications and abilities of all applicants. This will aid courts in the examination of the fairness of the hiring process at the liability phase and award appropriate compensation to individuals who are found to have suffered discrimination. As information on the ability of the applicants is not reported in the data available in the case, a lognormal model without any covariate adjustment appears to be the best approach. That is, one takes the expected job tenure of all employees younger than 40 years as an estimate of the hypothetical job tenure for an applicant who was discriminated against. Every plaintiff in the case would then be compensated for the same number of weeks of potential employment regardless of their age. 14 Columns 4-7 in Table 2 compare the predictions from models fitted to all the data, T all , and models restricted to employees younger than 40 years, T − . Columns 4 and 5 result from a model without adjusting for age, while the predictions in columns 6 and 7 use each individual's age. The analysis ignoring age produces larger predictions than the age model since the age model underestimates the job tenure of deserving plaintiffs.
Employees younger than 40 years were not affected by any discrimination, so their average job tenure should serve as a closer estimate of the job tenure of the plaintiffs because the applicants older than 40 years who were hired probably had higher ability than average. The difference in the expected job tenure obtained from fitting the model to data on all employees (245 weeks) and the one restricting the calculation to employees younger than 40 years (256 weeks) is small because the data only have a handful (13) of employees older than 40 years due to discrimination against older applicants. In conclusion, a fair estimate of the compensation due the plaintiffs in this case would be the salary of the positions they applied for times 256 weeks minus their interim earnings from other jobs. This is reasonable in the context of the case as very few employees remained for many years.
Discussion
This paper discusses how survival methods can be used to estimate the hypothetical job tenures of applicants who lost job opportunities due to discrimination. AFT models assuming a specific underlying distribution are employed. Various techniques for determining whether a distribution provides a reasonable fit to the data are illustrated. The importance of finding an appropriate distribution is seen when the methods are applied to data from an actual Equal Employment Opportunity (EEO) case and a clearly 'incorrect' distribution yields noticeably different results than distributions that 'fit' the data. In particular, three possible distributions for the data are compared. The lognormal distribution provides the best fit, the Weibull fits nearly as well, while the exponential does not fit the data. The difference between the estimated average tenures provided by the best-fitting lognormal model (256 weeks) and the next best-fitting Weibull model (247 weeks) shows that as long as graphical checks indicate a reasonable fit of the model to the data, the estimated hypothetical job tenures for determining the compensation due to the prevailing plaintiffs should be appropriate. 15 The lognormal model yielded a mean of 256 weeks for the job tenure of an unfairly rejected applicant, which can be multiplied by the weekly wages to estimate the total lost pay. In an actual case, any earnings a plaintiff had during the period would be subtracted from the estimate.
A simulation study demonstrates that the characteristic (race, age, gender) on which the discrimination is based should not be used to predict job tenures for individuals who suffered discrimination. As illustrated in Table 1 , the effect of age on job tenure is likely to be confounded with other job-related factors. The result is consistent with the regression literature (Finkelstein, 1980) , which cautions against using predictors that are 'tainted' because they reflect the employer's practices being examined for discrimination. Thus, the observed relationship between age and job tenure among the employees differs from the corresponding relationship in the plaintiffs. More accurate predictions could be developed with an appropriate model that includes predictors of an individual's job-related qualifications, referred to as the 'ability model' in the simulation. The expert (Rosenbaum, 2000) in the case was hired after discovery ended; hence, other factors that usually correlate with job performance such as educational level or years of job-related experience were not available. In this situation, the 'simple' model that estimates the distribution of job tenures of employees hired before the age of 40 is a reasonable choice.
The method used in the analysis submitted to the court could lead to compensating some plaintiffs who probably would not have been hired in a non-discriminatory environment because their ability level was too low. In contrast, deserving applicants older than 40 years, with the same level DAMAGES IN EQUAL EMPLOYMENT CASES 13 of ability as younger ones who were hired, were undercompensated. The original analysis used all employees, including the few older ones who were hired. Since the older applicants who were hired during the period when the company discriminated on the basis of age were highly qualified, they should have more alternative employment options than other employees of 'average' ability. Consequently, these older employees would have shorter job tenures. Their inclusion in the data and the use of age in the model lead to underestimation of the tenures of older job applicants with abilities in the middle range, the deserving plaintiffs.
Assuming there is a distribution of ability that an employer can legitimately assess and use to select among applicants, this paper introduces the term 'deserving' to denote those plaintiffs whose ability levels are similar to those of the hired applicants. This term formalizes ideas expressed in Kempiners by Judge Posner and Biondo by Judge Easterbrook. As noted in Kempiners, a discriminating employer is more likely to discriminate against applicants of a protected group with abilities near 'average' rather than the 'best' ones. The Biondo case concerned fairness in promotion of firefighters who took the Civil Service test for lieutenant. Judge Easterbrook's opinion stressed that the plaintiffs should have introduced comparative evidence to justify the compensation they requested and suggested that individuals scoring slightly higher in the test than the plaintiffs did would be a reasonable 'comparable' group. Similarly, the fact that the 'deserving plaintiffs' have ability in the range (δ − , δ + ) implies that an appropriate comparison group would consist of majority group employees with abilities in that range. Thus, in order for courts to make appropriate estimates of compensation in EEO cases, it is important for employers to keep information concerning the ability levels of applicants and job performance of employees. This will aid them in defending against unsupported claims of discrimination and settling justifiable claims early in the process.
The AFT model described here can be used in related methodology when information on jobrelated covariates is available. One fits the AFT model to the majority data and then estimates the plaintiffs' tenure by substituting the values of the covariates for each prevailing plaintiff. This is the survival analog (Keiding, 1995) of the method by Peters (1941) and Belson (1956) that has been used with ordinary and logistic regression to estimate shortfalls in salary and opportunities in discrimination cases (Gastwirth and Greenhouse, 1995) . That method fits a model to the data for the majority group and then predicts the salary or probability of hire or promotion of a minority member by substituting his or her covariate values into the majority equation. 16 Because it provides an award for each plaintiff based on their qualifications, it should also be useful when a judge desires to allocate a total award among more plaintiffs than the number of positions. Rather than giving each plaintiff the same amount, one can divide the total in proportion to each one's 'loss'. Related methodology has been used in the analysis of wage disparities in labour economics (Blinder, 1973; Oaxaca, 1973; Goldin, 1990 ) and health disparities (Graubard et al., 2005; Duan et al., 2008) .
Estimating the tenure of deserving plaintiffs older than 40 years in promotion cases from an analysis of data on employees under 40 years may lead to significant overestimates in situations where employees remain with the firm for many years. This may occur when there are several opportunities for further promotion, as in civil service or academic jobs with a career path that often leads to a long tenure with the employer. Even in a non-discriminatory environment, if two promotions to jobs at Level 2, say, are given to a 39-year-old and a 55-year-old and they receive future promotions at the 14 Q. PAN AND J. L. GASTWIRTH same time to jobs at Levels 3 and 4, the 55-year-old one will probably retire first and not receive further promotion. With sufficient data, the series of promotions in the career ladder can be modelled as recurrent events in a survival analysis setting. This approach will be explored in a subsequent paper.
The need for accurate data on important predictors when estimating job tenure is also stressed. In addition to lacking information on job-related characteristics of the employees, the time period the data analysed here refers to was not reported. Ideally, it should refer to a window around the time the original complaint was filed rather than the time the court decided the case as legal proceedings take several years. Thus, data collected after a court has decided the case may refer to a time period more than 5 years after the events that led to the case. The economic situation in the relevant labour market may have changed or the employer might have altered its employment practices during the intervening time.
The time sequence of events also has an important role at the liability phase as the employer's practices several years before the complaint are less relevant than those operating at the time of the alleged discrimination. The decision in United Airlines v. Evans 17 notes that 'A discriminatory act which is not made the basis for a timely charge is the legal equivalent of a discriminatory act which occurred before the statute was passed. It may constitute relevant background evidence in a proceeding in which the status of a current practice is at issue, but separately considered, it is merely an unfortunate event in history which has no present legal consequences'. A recent case concerned with the length of time between the hiring of an employee older than 40 years and his or her being RIFed 7 years later is Filar v. Board of Education of the City of Chicago. 18 Freidlin and Gastwirth (2000) and Kadane and Woodworth (2004) describe statistical methods for detecting a change in employment practices, which often occurs after a complaint has been filed. They may assist courts in deciding whether the same policies were in effect for the entire time period the data refer to. 19 The Daubert 20 decision assigns the trial judge the responsibility of assessing the reliability of proposed expert testimony. When faced with an expert who has used survival analysis, a judge should inquire about the comprehensiveness and representativeness of the data as well as the appropriateness of the mathematical model. Other important questions that deserve attention are the following:
1. Which covariates or predictors are used and what is the subject matter justification for their inclusion? In discrimination cases, the predictors themselves should be free of any effect of the discriminatory practices being scrutinized. Moreover, they should have been considered by the defendant in the employment decision and the employers should have the information for all applicants or employees. 21 2. Which distributions were fit to the data? Were other models besides the final one in the expert report fit to the data and rejected? If so, how was the final model chosen? The graphical methods and goodness-of-fit measures described in Appendix B should assist judges in evaluating whether the model used by an expert was chosen using sound statistical criteria. 3. Did the data used to fit the model include an adequate sample of individuals comparable to the plaintiffs?
Recall that the cumulative distribution function F(t) represents the probability that an event time (job tenure) randomly selected from the population is no larger than t. In our application, F(t) is the probability that a randomly selected employee will remain with the firm for no longer than t weeks. The derivative of F(t) is called the density function, f (t). The area under the density curve between two time points t 1 < t 2 is the probability an event occurs in the interval [t 1 , t 2 ] and equals
f (u)du. For our purposes, it is more convenient to consider the complement of F(t), i.e. 1 − F(t) = S(t), the probability that the subject survives or remains employed for at least time t. The hazard function h(t) is the probability that the event happens (employee leaves) at time t, given the subject already survived (has been employed) up to time t − , i.e. just before t. Analogous to the relationship between the cumulative distribution function F(t) and the density function f (t), the cumulative hazard function H (t) is defined to be t 0 h(u)du. It can be shown that H (t) = − ln S(t), where ln denotes the natural logarithm. This implies that for any specific time t, a larger cumulative hazard H (t) is equivalent to a smaller survival probability S(t). Graphs of these functions for common time-to-event distributions are presented in the next section. 23
A.2 Parametric models
Parametric models that assume a known distribution function, e.g. the exponential, Weibull or lognormal, are widely used to model time-to-event data. Choosing an appropriate distribution among many candidate distributions is essential for accurate predictions. The exponential, Weibull and lognormal, models are illustrated here. 24 The survival, probability density functions and cumulative hazard functions for exponential, Weibull and lognormal distributions with the same mean (50) are plotted in Figs A1-A3. Because the area under a survival curve equals the average survival time (job tenure here) and the three distributions have the same mean, Fig. A1 shows how the survival curves vary with the distribution. Figure A2 plots the densities, 25 which give the rate of decrease in the corresponding curves in Fig.  A1 . From Figs A1 and A2, one sees that when tenure follows a Weibull model, fewer employees leave early (<30) or stay long (> 90) relative to the other models. The cumulative hazard (Fig. A3) has constant slope, i.e. a straight line, only in the case of the exponential distribution. In contrast, the Weibull has a smaller hazard at the beginning, which increases faster with time. This is consistent with the pattern of the survival curves in Fig. A1 . The higher Weibull survival function in the early 23 Mathematically, the relationships among f (T ), F(t), S(t), h(t) and H (t) are given by the following formulas:
24 The texts by Klein and Moeschberger (2003) and Kleinbaum and Klein (2005) describe a wide class of distributions used in survival analysis. 25 For normal distributions, the density function is the familiar 'bell curve'. the logarithm of T has a normal distribution with mean µ and variance σ 2 , the distribution of T is called the lognormal and has mean value E(T ) = exp(µ + 0.5σ 2 ). Each survival model has unique survival, density and cumulative hazard functions, which can be used to choose the 'best fit' to a data set. The linear plots used to identify an appropriate distribution are introduced in Appendix B.3 and applied to data from the motivating case in Section 3.
A.3 Covariate adjustment-AFT models
The length of time an employee stays with the company depends on a variety of factors, such as the unemployment rate in the local area and the employee's ability. AFT models are utilized to incorporate relevant covariates. The model assumes a particular distribution S 0 (t) as the baseline and the effect of the covariate is modelled as
where θ is the vector 28 of regression coefficients for covariate vector Z i of the ith subject for i = 1, . . . , n. Each of the k components of Z i is a predictor of job tenure. S(t|Z i ) denotes the survival probability for subject with covariates Z i at time t, and S 0 (e θ Z i t) is the baseline survival probability at time e θ Z i t (Kay and Kinnersley, 2002) . 29 As the name indicates, the survival time for subject i is accelerated (shortened) by a factor of e θ Z i relative to the baseline. For example, a binary covariate Z = 0 or 1, such as having experience with a specific computer program (Z = 1) or not (Z = 0), accelerates (or decelerates if the coefficient is negative) the time to leaving the job. In Fig. A4 , the 28 Since there may be several covariates or predictors, e.g. years of prior experience and years of education, the effect of each one is reflected in its coefficient. A set of k coefficients, C j for j = 1, . . . , k, form a vector of dimension k, often written as (C 1 , C 2 , . . . , C k ). 29 The baseline is defined mathematically as subjects whose covariates are all set to 0 even if no subject with all covariates 0 is observed or even is realistically possible. where L denotes the likelihood and p denotes the number of parameters that are used in the survival model and need to be estimated from the data. From the definition, higher L values correspond to lower AIC values. Because including more parameters always leads to a higher L, the AIC accounts for this by including a penalty term of 2 p. 31 The appeal of using AIC instead of just the likelihood is that it takes the number of parameters into consideration. Thus, simpler model yields similar value of the likelihood are preferred. In summary, models with lower AIC values are preferred. 32 
B.2 The estimated prediction errors
A natural measure of the goodness of fit is based on the differences between the predicted values of the observations and the actual observations. The prediction errors, i.e. residuals, are defined as
Since the positive and negative residuals will cancel each other if one computes the average residual, the squares of the prediction errors are more informative. The standard deviation of the residuals is typically considered:
Models with smaller ε are preferred. In the context of survival analysis, only the subjects with events (I i = 1), i.e. complete tenures, can be included in the calculation because the actual event times (T i ) of the censored subjects (individuals employed when the study is conducted) are not observed. 33 Consequently, this measure omits information from censored observations. 34
B.3 Linear plots for checking whether a distribution fits the data
Besides numerical measures, graphical tools are also used to assess the goodness of fit of a model. For each underlying distribution F(t), there is a linear relationship between a particular function of its cumulative hazard or its survival function and either the event time t or its logarithm log(t) (Nelson, 1972) . The plots for the three distributions used in the paper are described in Table A1 .
The corresponding linear plots from exponential, Weibull and lognormal-distributed data in Section 2.2 are given in Figs A5-A7. H (t) and S(t) are empirically estimated from the observed data, 31 When one adds an extra term to a model, e.g. including a quadratic term t 2 in addition to t in a linear regression of y(GDP) versus t (time), the likelihood of the fitted the model will increase, even if the new term has no predictive value, i.e. its true coefficient is 0. The likelihood of an estimated model with more predictors can never be less than the original one with fewer parameters because the estimation procedure maximizes the likelihood over all possible values of the coefficients of the predictors including 0. Even if the true values of the coefficient is 0, the fitted model, which maximizes the likelihood L, will typically place a small non-significant value on the coefficient of a predictor that is irrelevant (i.e. its true coefficient value equals 0). The penalty term ensures that the additional predictor does increase the 'fit' of the model to the data. 32 Similar criteria, which also penalizes a model for the number of parameters in it, may be used in lieu of AIC. A nonexhaustive list is the Bayesian Information Criteria and Mallows' Cp. 33 More general residuals, such as Cox-Snell residuals, can take the censored observations into account. 34 Since, given the covariates, the censoring process and the survival (tenure) process are independent, their loss of information does not induce a bias in the estimation of average tenure. )} Φ −1 {1 − S(t)} versus log t Φ denotes the cumulative distribution function for a standard normal distribution.
FIG. A5. Plot of H (t) versus t.
The data follow an exponential distribution with h 0 (t) = 0.02 and θ = 0.5 (H (t) = 0.02e 0.5Z t) for Z = 1 and Z = 0 separately. For Z = 0, H (t) = 0.02t; and for Z = 1, H (t) = 0.03t.
FIG. A6. Plot of ln( H (t)) versus ln(t)
. The data follow a Weibull distribution (ln(H (t)) = 0.5Z − 8.1 + 2 ln(t)) for Z = 1 and Z = 0 separately. For Z = 0, ln(H (t)) = −8.1 + 2 ln(t); and for Z = 1, ln(H (t)) = −7.6 + 2 ln(t).
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FIG. A7. Plot of Φ −1 (1 − S(t)) versus ln(t). The data follow a lognormal distribution (Φ −1 (1 − S(t)) = ln(t) − 3.4 − 0.5Z ) for Z = 1 and Z = 0 separately. For Z = 0, Φ −1 (1 − S(t)) = ln(t) − 3.4; and for Z = 1, Φ −1 (1 − S(t)) = ln(t) − 3.9.
FIG. A8. Q-Q plot to check the AFT assumption. The data follow an AFT model S(t|Z = 1) = S(e 0.5 t|Z = 0). The slope is approximately e −0.5 = 0.6. Data for both groups (Z = 1 and Z = 0) are generated from exponential distributions in this graph, although data from many other distributions can follow the AFT model.
i.e. the Kaplan-Meier or Nelson-Aalen estimators (Klein and Moeschberger, 2003) . Then, a plot with time t or its logarithm on the x-axis, and the empirical estimates of H (t) or S(t) on the y axis is created. Notice that there are two straight lines in each plot, one for each value of the binary covariate (Z = 0 and Z = 1) because the slope of the linear plot depends on the mean of the underlying distribution, which is decided by the covariate values.
